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ABSTRACT
Here is presented recalculated value of the mass of Ceres, based on explicit tracking
of its gravitational influence on orbits evolution of 21 selected asteroids during their
mutual close encounters (CE). It was applied a new modified method (MM) for mass
determination, based on the connecting of pre-encounter observations to the orbit
determined from post-encounter ones. The calculated weighted mean value of Ceres
mass, based on modified method, is (4.54± 0.07) 10−10M⊙ while standard procedure
(SM) provided result of (4.70 ± 0.04) 10−10M⊙. We found that correlation between
individual estimated masses based on modified and standard method is 0.78, which
confirms reliability of using modified method.
Key words:
methods: numerical –minor planets, asteroids: general.
1 INTRODUCTION
The main asteroid belt (MAB) is a living relic, with develop-
ing collisional and dynamical evolution slowly erasing traces
of planet accretion processes. Until now it is well known that
better knowledge of the masses of the larger asteroids helps
to improve dynamical model of our Solar system.
Besides this, the beginning of XXI century gives rise
to new possibilities of importance of asteroid mass deter-
mination. We know that there are scaling laws that control
collisional evolution both during and after planetary accre-
tion (especially the end of the XX and beginning of the XXI
century have seen an developing interest in asteroid mass
determinations, particularly in the context of the growing
awareness of the threat of asteroidal impact upon Earth.)
Fragmentation of asteroids is consistent, as suggested by
Piotrowski (1953), with the observed size distribution which
is equivalent to the differential mass distribution.
As for mass distribution of our Solar system, one can see
by using data from Allan’s Astrophysical Quantities (Cox
2000), for planets, satellites and brighter asteroids (diame-
ters of this asteroids and some satellites were transformed
into masses assuming density of 2g/cm3), that present very
rough mass function of Solar system bodies (see Fig. 1) is
incomplete below 10−9M⊙ (roughly Pluto mass). Keeping
in mind that the asteroids are not all composed of the same
material and are not compact to a similar degree, we will
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just illustrate how would look like possible construction of a
low-mass extension of this function from faint asteroids. All
bodies are assumed to be spherical and are set to the same
density. We set the bulk density of each body here to be
2 g/cm3. This value is a kind of a compromise between our
simple assumptions, need for easier calculation and the mea-
sured densities of several different groups: the average bulk
densities of several multi-km C-type asteroids (1.3 g/cm3),
the average bulk density of several multi-km S-type asteroids
(2.7 g/cm3), and the grain densities of several different me-
teorite classes that may be more representative of the bulk
densities of sub-km asteroids (2.2 g/cm3 for CI meteorites,
2.7 g/cm3 for CM meteorites, 3.5 g/cm3 for CV meteorites;
3.5− 3.8 g/cm3 for ordinary chondrites) Britt et al. (2002).
Ivezic´ et al. (2001) gave a diameter distribution func-
tion for 13000 asteroids based on the Sloan Digital Sky
Survey. They set values of asteroids albedo between 0.14
(for S type) and of 0.04 (for C type). The inferred diameter
(D) distribution had power law form N(D) dD ∝ D−γ dD
(dN/dD is asteroid differential size distribution) where val-
ues of parameter γ have value of 4 for asteroids larger than 5
km, while for smaller asteroids it is about 2.3. This is in good
agreement with later studies performed by Tedesco et al.
(2005). If we take into account simple relationship between
the mass and diameter of an asteroid as well as mentioned
value of 2 g/cm3 for average asteroid density than we can ob-
tain mass function which is of the same form as it is distribu-
tion function, φ(M) dM ∝M−γ′ dM with an exception that
power law index, −γ′ is -2 for asteroids larger than 5 km and
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-1.1 for smaller bodies. This distribution covers mass range
from 10−20M⊙ (asteroids with D ∼ 0.3 km) to 10−13M⊙
(asteroids with D ∼ 100 km). It can be seen that distribu-
tion has a bump (knee) near D 5 km. Of course, because of
the lack of adequate data, the Mass Function amplitude for
small bodies, is likely underestimated.
Also, we used available IRAS data for asteroids and
their average density 2 g/cm3 in order to obtain mass dis-
tribution. We used method introduced by Krasinsky et al.
(2001) and obtained mass distribution with respect to the
asteroid radii, shown in Fig.2. We also obtained value M(0)
when r → 0. The result of fitting process is the following
M(r) = 11.75 − 0.298r0.5, M(r) are given in solar masses
(units 10−10M⊙) and r in kilometers. This result is compara-
ble with result obtained by using the mapping of the crater
size frequency distribution of each planetary surface to a cor-
responding projectile size-frequency distribution (by appli-
cation of an adequate scaling law, see Hartmann & Neukum
(2011)). This estimated mass of MAB is about 4% of the
mass of the Moon. The largest object in MAB is Ceres,
which contains about 32% (or 1/3) of the MAB total mass.
The IAU currently recognizes a few dwarf planets in our So-
lar System, but only two of these bodies, Ceres and Pluto,
have been observed in enough detail to demonstrate that
they fit the definition.
So, if we take into account that Ceres causes very sig-
nificant perturbations on almost all bodies in MAB and
that it fits well into the definition of dwarf planet, one can
say that the knowledge of its mass is of great dynamical
and taxonomic importance. Until now, the greatest num-
ber of asteroid mass determinations is based on the pertur-
bations exerted on asteroids during their close approaches
with massive MAB body. However, such masses have quite
low accuracies, but are still the best available for most as-
teroids. From statistical point of view, the use of as many
perturbed asteroids as possible is crucial for reliable esti-
mation of the asteroid mass. We therefore used the already
known most suitable close approaches (20) and also per-
formed a search for newly ones, which led us to use 24 close
encounters for the determination of Ceres mass. (Here we
will note that The MBA is a gravitationally chaotic system
(Baer & Chesley 2008) in such a way that asteroid mass de-
termination could be compared to isolation of a very weak
signal from almost white noise background. For example, in
the case of our selected past close encounters with Ceres, we
found that signal to noise ratio was log(24/40000) = −3.221
(”Signal-to-noise ratio” is sometimes used informally to re-
fer to the ratio of useful information to false or irrelevant
data), which means that noise is greater than signal. So,
detecting of the gravitationally most effective close encoun-
ters in MBA for asteroid mass determination is a serious
task based on available observations. The main goal of our
work is new mass determination of Ceres based on the new
method. This new method assumes mapping of 7 dimen-
sional vectorial space of pre(post)encounter osculating ele-
ments of perturbed body ({E1, E2, . . . , E6}) and perturb-
ing mass (m) into 1-dimensional vectorial space of RMS of
post(pre)encounter part of orbit:
({E1, E2, . . . , E6}, m) 7−→ RMS , (1)
This mapping is based on numerical procedure where
actually the correct mass of perturbing body will give the
best fit of post(pre)encounter observations of perturbed
body with pre (post) encounter part of perturbed orbit. The
innovation is that perturbing mass is determined indepen-
dently from corrections of perturbed osculating elements.
Also, we use some new close encounters for Ceres mass de-
terminations. In such a way we also demonstrate usefulness
of close encounters with high numbered bodies.
2 HISTORICAL CERES MASS
DETERMINATIONS
Ceres was intensively observed by different techniques. Due
to the NASA space mission Dawn (Russel et al. (2006)),
which had been launched in 2007, the mass of Ceres will
be quite well estimated in the very near future. Namely, it
should reach the vicinity of Ceres in February 2015. His-
torical Ceres mass determinations are presented in Fig. 3.
As it can be seen, the mass values distribution significantly
fluctuate up until 2000, after 2000 fluctuations are stabi-
lized between (4.7−4.8) 10−10M⊙. Further, it could be seen
significant decreasing in formal errors of results since 1997,
perhaps induced by new observational techniques. Also, we
can see 3 year long gaps in Ceres mass determinations (the
first between 1992 and 1995, and the second between 2001
and 2004). As it can be seen from the calculated parame-
ters (given in Table 1) of distributions of Ceres mass values
and corresponding formal errors, one can see that there is a
significant variability among previously published mass de-
terminations, which validates the need for additional study.
So for the first time, here are presented redetermined,
by means of two methods (standard and modified method),
masses of Ceres based on the most gravitationally efficient
CE. Ceres is suitable for this purpose due to its physical
characteristics and the fact that its mass will be soon deter-
mined with high accuracy.
3 PROCEDURE OF MASS DETERMINATION
We compiled list of historical CE with Ceres, already used
for its mass determination, which gravitational efficiency is
larger than 10′′ in right ascension and we added four high
numbered (which were not used previously) perturbed bod-
ies: Cheng, Lyzenga, Tasman and 2001QW120 (Table 2).
This additional four high numbered bodies we selected ac-
cording to a complex, combined procedure based on mul-
tistep selection and numerical integration. First, using a
simple geometrical consideration, we find all the pairs with
Ceres whose osculating orbits, are close enough to enable
a real approach of these bodies. After that, by means of
two body dynamics, we check, for each pair, the occurrence
of such approach within the given time span. At the end,
the two orbits are numerically integrated within dynami-
cal model in order to determine more precisely parameters
of the CE (epoch, distance, relative velocity, deflection an-
gle, etc.) and make definite conclusion. Computation of the
minimum distances between the orbits of the two asteroids
involves the determination of the true anomalies of the rel-
ative nodes which serve as initial values and an iterative
derivation of the corresponding true anomalies of the points
c© 2011 RAS, MNRAS 000, 1–??
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Figure 1. Mass distribution function for solar planets, satellites and small bodies given in solar mass (units 10−10M⊙) and r are given
in kilometers . Squares correspond to differential number of bodies. Bodies which diameter is smaller than 1km were not included. The
power law index for this fit is -0.93.
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Figure 2. Mass distribution function for asteroids, based on IRAS data (bold black dots). M(r) (units 10−10M⊙) is total mass of
bodies which diameter is greater than r (in kilometers). The fitted curve is presented as continuous line.
where the orbits are closest to each other. We used only pairs
with minimum distance between orbits of the two bodies less
than 0.05AU. As we mentioned, in order to find which pair
of asteroids on nearby orbits can have CE in a given time,
we apply the simple two body approximation and first com-
pute the mean anomaly of the point corresponding to the
orbital proximity of one of the asteroids and associated ini-
tial epoch. Then we calculate mean anomaly of the other
body in the pair corresponding to the same initial time
instant and to the subsequent time instances obtained by
adding the time interval equal to the first body’s revolu-
tion period up to 50 years backward. Finally, we look at
the given time span for all occurrences of the other body
in the vicinity of the proximity point (within the range of
±1◦). After completing these steps for Ceres, we found about
40000 pairs satisfying our criteria. The previous steps had
provided only the unperturbed data, so as the next step, we
have to include the effects of perturbations. We performed
a numerical integration for all pairs, covering in each case
the interval from the common osculation epoch of the or-
bital elements to an epoch which is 10 days before possible
CE, then we integrated both orbits for the next 20 days
with step of 0.5 and 0.1 days. As a final step we calculated
for selected asteroids gravitational perturbations induced by
Ceres mass (the differences in right ascension) and choose
those objects which right ascension is larger than 10′′. In
such a way, we found all asteroids which are well known
as perturbed by Ceres mass but also we found those new
four asteroids. Geometrical and kinematical parameters, as
well as expected gravitational effects (see Table 2), revealed
the potential high efficiency of these close approaches. Ac-
tually, parameters ρ,Vr and θ reflect potential gravitational
c© 2011 RAS, MNRAS 000, 1–??
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Figure 3. Historical time curve of Ceres mass determinations. Goffin 1991, Sitarski and Todorovic-Juchniewicz 1992, Williams 1992,
Sitarski and Todorovic-Juchniewicz 1995, Viateau and Rapaport 1995, Carpino and Knezˇevic´ 1996, Kuzmanoski 1996, Viateau and
Rapaport 1997, Viateau and Rapaport 1998, Hilton 1999, Michalak 2000, Standish 2001, Pitjeva 2001, Pitjeva 2004, Pitjeva 2005,
Konopliv et al. 2006, Baer and Chesley 2008.
Table 1. Descriptive statistics of historical values of Ceres mass. Columns designation: N is total number of values, SD is standard
deviation, V is variance, S is skewness, K is Kurtosis, GM is geometric mean, GSD is geometric standard deviation, Min is minimum
value, Med is median value, Max is maximum value.
N SD V S K GM GSD Min Med Max
Mass Values 17 0.18 0.0336 -1.797 4.63 4.697 1.041 4.16 4.75 5
Formal errors 17 0.089 0.0079 1.370 0.806 0.048 3.053 0.007 0.04 0.3
efficiency of CE and further investigation is needed (which
will be explained further). The most obvious criterion for se-
lection of perturbed minor planets is the value of minimum
distance, ρ, between it and perturbing body: the less value
is the better. Hilton et al. (1996) supposed that ρ should be
no greater than 0.05 AU. We have 18 bodies which had min-
imum distance no greater than mentioned value. As it was
shown in Kochetova & Chernetenko (2001), the number of
perturbed bodies can be substantially enlarged as a result of
consideration of bodies moving in the vicinity of commen-
surability of mean motions with perturbing minor planets.
In this case, one can take into consideration not only close
(< 0.05AU) encounters, but moderate (which occurs at dis-
tances < 0.1AU) as well. Although the using of a less strict
condition could be justifiable as the approaches of planets
may occur over and over due to commensurability, Hoffmann
(1989) pointed out fruitfulness of such approaches.
We have 6 such approaches (< 0.1AU). Actually, many
of encounters given in Table 2 are simply the closest of many
encounters. Among them, it is well known that Ceres and
Pallas are in near commensurability. A resonance requires
that the gravitational perturbation of one body upon the
other to keep the latter librating with respect to some crit-
ical variable. This is not the case with Ceres and Pallas. In
fact, actual asteroid-asteroid resonances are quite rare, see
for example Christou (2000). Almost every 4.6 years these
two largest bodies mutually approach. Between 1820 and
1839 (see Fig 7) all close encounters were within 0.25AU
(the closest encounter, 0.18 AU was in 1820). The given en-
counter was among the closest recently. However, each pre-
ceding and subsequent encounter will have an effect on the
perturbed asteroid (Pallas). In the case of 1 : 1 resonance
in the mean motions, the changes increase due to the cu-
mulative effect. However, for a near resonance (as it is in
the case of close approach between Ceres and Pallas) the
cumulative effect may be positive or negative. For example,
Hilton (1997) shows that the total perturbation of 15 Euno-
mia on 1313 Berna is positive, but for 1284 Latvia although
individual perturbations may be quite large the total pertur-
bation is small. Also note that Latvia and Berna have eccen-
tricities and inclinations similar to that of Eunomia, unlike
Ceres and Pallas. Furthermore, the difference between the
mean semi-major axes of Eunomia and Latvia is only half
the difference between those of Ceres and Pallas. Also, the
changes of their orbits constantly increase due to perturbing
effects by major planets.
On account of this fact, very important is application of
the procedure of the numerical integration in order to calcu-
late differences in right ascension and declination, which is
described above (in dynamical model were included 9 largest
bodies in MAB and all major planets and Pluto). In such
a way we accounted gravitational influence of multiple en-
counters and give calculated values in Table 3 (∆α and ∆δ).
Also, as a measure of potential efficiency of a given en-
counter one can apply the formula for an asymptotic an-
gular deflection, given by Opik (1976) and later applied by
Hilton et al. (1996), as a potential criterion of selection of
pairs (in Table 2, parameter θ is change of trajectory of per-
c© 2011 RAS, MNRAS 000, 1–??
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turbed body due to gravitational influence). Under the con-
dition that the mass of the larger body is much greater than
perturbed (this is satisfied in the case of CE of Ceres), this
term is the same as the equation for Rutherford scattering.
Main effect of an asteroid-asteroid encounter is a velocity
change, which causes a cumulative orbital longitude excur-
sion. Actually, relative velocity gives insight into orbital con-
finement in the fastest diverging orbital elements (longitude
of node and pericenter) only, disregarding other orbital el-
ements. And this parameter is also sustained in the term
of deflection angle. We can see that our close encounters
have θ less or equal to 1.0 ′′. Since the encounters are usu-
ally nearly coplanar the predominant changes to the orbit
of perturbed asteroid are in semi major axis. The change in
this orbital element can be seen in the cumulative difference
in position over time. So we give calculated maximum differ-
ences in right ascension and declination as last two columns
in Table 3. So, the deflection angle and difference in right
ascension and declination reveled that more moderate en-
counters (which occur at distances less than 0.1AU) could
be efficient for Ceres mass determination. Again, we will
emphasize that deflection angle reflects potential possibility
of using close encounter for mass determination, so we fur-
ther calculated gravitational perturbations caused by Ceres
mass (and major planets and Pluto) on motion of perturbing
bodies (∆α and ∆δ given in Table 6).
We also presented the case of (34755) 2001 QW120 as
an illustration of the use of highly numbered asteroids. This
asteroid is observed since 1950. Actually there are two ob-
servations from 1950: the first was taken 17.03.1950 at 11h
17m 42.33s and the second was taken 17.03.1950 at 11h 17m
44.02s. We tried to determine the mass of Ceres, based on
MF, using both observations as a preencounter orbit and ob-
tained the value of 3.94 10−10M⊙. Then we performed fur-
ther experiment, and tried to determine Ceres mass which
will connect calculated postencounter orbit and only one
preencounter observation taken in 11h 17m 42.33s. We ob-
tained the value of 4.86 10−10M⊙ for Ceres mass, and this
value of Ceres mass gives for the O-C for preencounter ob-
servation: 0.784587 arcsec and −0.070147 arcsec in right as-
cension and declination, respectively. However, the same ex-
periment with preencounter observation taken in 11h 17m
44.02s, provided value for Ceres mass 4.31 10−10M⊙ and this
value of Ceres mass gives for the O-C of preencounter ob-
servation: −0.0005 arcsec and −0.019877 arcsec in right as-
cension and declination, respectively. So, we used about 92
observations of which is only one preencounter (which gives
the best O-C). Consequently, one can say that it is used to
illustrate such cases where there is only one preencounter
observation.
The past CE data are visualized in the time-minimum
distance-relative velocity space in Fig. 5. The past CE are
concentrated between 1960 and 2000, and occurred, mostly,
at the distances within the range 0.05 and 0.3 AU. It could
be explained by limitations of accuracy of observational as-
trometric technique used.
For the purpose of comparison, we calculated a list of
15 (Table 3) asteroids which will have close approach with
Ceres within the distances less than 0.02 AU. It could be
seen that 40% of found perturbed bodies have deflection an-
gle (due to influence of Ceres mass) greater than 1′′. Having
in mind that average relative velocity of CE is 5 km/sec,
it could be seen that majority of future CE have relative
velocities bellow this value (Fig. 5). Actually, it is not sur-
prising, since the magnitude of the angle of the ballistic de-
flection is inversely proportional to the square of the rela-
tive speed. Thus, the cases with highest deflections would
be clearly more likely to involve encounters at low rela-
tive speed. Only in the case of CE (1,3687) this value is
moderately larger (Table 4). Changes of relative velocities
∆V2 are large in the case of the majority of CE, which im-
plies that significant gravitational effects (caused by Ceres
mass) could be expected. The test which we use to com-
pare distributions of CE of Ceres are based on Kolmogorov-
Smirnov test (Kolmogorov (1933),Smirnov (1939)). Its non-
parametric and unbinned nature makes it well suitable to
the sparsely distributed (about 20 events spread over multi-
ple decades and parameter dimensions) CE population, for
the difference of the binned χ2 test. In its one-dimensional
form, the Kolmogorov-Smirnov statistic is relatively simple
to implement. First, one forms a cumulative histogram from
each data set, and normalizes both to one. These are es-
timates of the Cumulative Distribution Functions (CDFs)
from which the data sets were drawn, and are sometimes re-
ferred to as Empirical Distribution Functions (EDFs). The
Kolmogorov-Smirnov statistic, is the maximum difference
between the two EDFs. Because the size of this difference
does not change under reparameterization of the x axis (i.e.,
arbitrary increase or decrease of the separation between data
points), the Kolmogorov-Smirnov test is nonparametric. For
the standard one-dimensional Kolmogorov-Smirnov test, the
confidence level is given by Press et al. (2002). This stan-
dard Kolmogorov-Smirnov test is sensitive only to variation
in the CDFs of the two populations from which the data
sets are drawn. As long as the EDFs of the two data sets
are similar, the test will report that the starting hypothesis
is true, even if the number of counts in the two sets is very
different.
For example, we consider the case where the statisti-
cal properties of a sample {x0, x1, . . . , xn−1} obtained from
a repeated experiment using a continuous random P vari-
able, should be compared to a given distribution function
FX(x) = P(X 6 x).
The basic idea of the Kolmogorov-Smirnov test is to
compare the distribution function to the empirical sample
distribution function
FXˆ(x) = PXˆ(Xˆ 6 x) =
1
n
n∑
i=1
I(Xˆi 6 x) (2)
Note that FXˆ is piecewise constant with jumps of size 1/n
at the positions xi (assuming that each data point is con-
tained uniquely in the sample). It counts the proportion of
the sample points below level x. For any fixed points x ∈ R
the law of large numbers implies that
FXˆ(x) =
1
n
n∑
i=1
I(Xˆi 6 x)→
→ EI((Xˆi 6 x) = P(X 6 x) = FX(x)
(3)
i.e. the proportion of the sample in the set (∞, x] approx-
imates the probability of this set. It could be shown from
here that this approximation holds uniformly over all x ∈ R
c© 2011 RAS, MNRAS 000, 1–??
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dmax ≡ sup
x
|FX(x)− FXˆ(x)| → 0 (4)
i.e. the largest difference between FXˆ and FX goes to 0 in
probability. The key observation in the Kolmogorov-Smirnov
test is that the distribution of this supremum does not de-
pend on the unknown distribution P of the sample, if P is
continuous distribution. Since the sample distribution func-
tion changes only at the sample points, one has to perform
the comparison just before and just after the jumps. Thus,
Eq. 4 is equivalent to
dmax ≡ max
xi
(|FX(xi)− 1/n− FXˆ(xi)|, |FX(xi)− FXˆ(xi)|)
(5)
The p-value, i.e. the probability of a value of dmax
as measured (dmeasuredmax ) is approximately given by (see
Press et al. (2002) and references therein):
P (dmax > d
measured
max ) = QKS(〈
√
n+0.12+0.11/
√
n〉dmeasuredmax )
(6)
This approximation is already quite good for n > 8. Here,
the following auxiliary probability function is used:
QKS(λ) = 2
∞∑
i=1
(−1)i+1e−2i2λ2 (7)
where QKS(0) = 1 and QKS(∞) = 0. Kolmogorov-Smirnov
normality test (see Table 4) shows that at the 0.05 level of
confidence, a significant number of the past and future CE
are significantly drawn from a normally distributed popu-
lation as a function of time, mutual distances and relative
velocities. To understand the test, it is helpful to see, (as
an example) in Fig 8, how looks like an empirical cumula-
tive distribution plot and theoretical normal distribution for
mutual distances of future close encounters with Ceres.
We joined past and future sets of CE which could be
seen in Figure 4. The acceleration due to the gravity of
Ceres mass is clearly manifested for distances smaller than
0.05 AU and their cumulative number is growing rapidly
at the same range of mutual distances. This is a manifes-
tation of the fact that the magnitude of ballistic deflection
is inversely proportional to both the relative velocity and
the minimum distance.The mean value of relative velocity
of joined sets of CE is 4.25 km/s. The Pearson correlation co-
efficient for the data on the right plot is 0.88±0.01 (the most
distant point is discarded). The mass determination of Ceres
was performed by means of modified method (MM) intro-
duced by Kuzmanoski (1996) which is fully developed and
applied in Kovacˇevic´ (2005, 2006), and the classical least-
square method (SM), widely used by many authors. The 9
largest asteroids have been included in the dynamical model,
as well as all major planets. The essence of MM approach
is the following: to separate pre and postencounter orbits of
the perturbed asteroid. In the calculation of these two orbits
it is not necessary to know the mass of perturbing aster-
oid, because its perturbing effects are practically negligible
(zero value). These two orbits are separated by an impulsive
change due to the close encounter and can be connected by
properly accounting for gravitational effects of the perturb-
ing body. If the pre and postencounter orbits are precisely
determined, the correct mass of perturbing body will give
the best fit of postencounter observations with the preen-
counter orbit and vice versa, the preencounter observations
with the postencounter orbit. With such an approach, we
first calculated pre and postencounter orbits. With the pos-
tencounter orbit we fitted preencounter observations, setting
the trial values for the mass of Ceres and computing O-C
residuals in the RMS sense.
From algorithmical point of view, the MM procedure
of asteroid mass determination consists of: (i) calculation of
the orbit of the perturbed asteroid using only postencounter
observations and (in the first iteration) the adopted value of
the perturbing mass (due to its influence during other close
encounters at greater distances or in the case of temporary
resonances); (ii) determination of the correction ∆m of the
mass of the perturbing asteroid by means of the classical
least-square method. This correction is the solution of the
system of linear equations based on the preencounter (or
postencounter) observations
∆m = (HTH)
−1
HTR , (8)
where H is the symmetric and positive definite matrix of the
partial derivatives (because the corrections are small and the
problem has been linearized) of the coordinates (right as-
cension and declination) of the perturbed body with respect
to the perturbing mass m, and R is the matrix of (O-C)
residuals, in coordinates, of the perturbed body. Since the
dimension of R is greater than the dimension of ∆m we will
have least square solution for the mass correction. Note that
term on right hand side of equation is the pseudo invers of
the matrix H. The differences between two methods may
be divided into theoretical differences and differences in the
input data. Modified method separates perturbed orbit in
two parts (pre and postencounter part), excluding the part
nearby the CE (Kuzmanoski et al. 2010). In such a way, the
mass of perturbing body is not dominant in the calculated
mean motion of perturbed body. The modified method cor-
rects the mass of the perturbing asteroid by means of the
least square solution of the system of linear equations based
on the preencounter (or postencounter) observations.
We also derived expression for formal error for asteroid
mass determined by MM as
σm =
σ0√∑n
i=1
∂ci
∂m
, (9)
where n is number of used pre or postencounter obser-
vations, ci are coordinates (right ascension and declination),
while σ0 is given by term:
σ0 =
√
(O − C)2
2n− 1 , (10)
We can see that this expression includes intoself (not
all) some parameters (mentioned by Bowell et al. (1994)) of
the semi-empirical metric which could parameterize error:
O-C positional residuals, coordinates and number of accu-
rate observations (before and after encounter) of perturbed
body. In ideal case the length of pre and postencounter or-
bit would be almost equal, allowing the best fitting results.
However asymmetry in the length of pre and postencounter
parts of an orbit and uneven observation distribution could
affect calculation process. In order to determine Ceres mass,
we used asteroids listed in Table 2, which also have large
enough observation covering. All test asteroids (except the
c© 2011 RAS, MNRAS 000, 1–??
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Table 2. Kinematical characteristics of past CE with (1) Ceres.
Perturbed Date ρ Vr θ
asteroid [ AU] [ km s−1] [′′]
(2) Pallas 16.05.1825 0.188 12.61 0.01
(32) Pomona 25.11.1975 0.025 4.75 0.31
(76) Freia 05.08.1957 0.212 4.08 0.05
(91) Aegina 13.09.1973 0.033 3.28 0.49
(203) Pompeia 22.08.1948 0.016 4.12 0.63
(347) Pariana 29.05.1943 0.078 1.48 1.02
(348) May 02.09.1984 0.046 0.79 6.07
(454) Mathesis 23.11.1971 0.021 2.93 0.97
(488) Kreussa 17.07.1963 0.282 3.00 0.07
(534) Nassovia 24.12.1975 0.023 2.75 1.00
(548) Kresida 13.07.1982 0.049 2.95 0.41
(621) Werdandi 01.05.1962 0.050 3.04 0.38
(741) Botolphia 07.11.1940 0.102 1.36 0.92
(792) Metcalfia 25.07.1950 0.013 5.78 0.40
(811) Nauheima 09.10.1968 0.030 3.73 0.42
(850) Altona 22.02.1970 0.026 3.84 0.45
(1642) Hill 25.11.1925 0.012 5.54 0.47
(1847) Stobbe 07.09.1958 0.094 1.76 0.60
(2572) Annschnell 26.03.1971 0.012 4.79 0.63
(3344) Modena 27.09.1980 0.021 2.39 1.45
2051 Chang 22.10.1943 0.012 4.48 0.72
6010 Lyzenga 29.04.1973 0.011 8.03 0.24
6594 Tasman 15.05.1982 0.013 6.71 0.30
34755 2001QW120 27.11.1967 0.005 8.35 0.49
Table 3. Kinematical characteristics of future CE with (1) Ceres.
Perturbed Julian Date ρ Vr θ ∆V2
asteroid [AU] [ km s−1] [′′] [km/sec · 10−9]
1393 19.05.2022 0.006914 2.213 5.43 58302
3687 22.09.2060 0.011792 9.347 0.18 8092
3795 27.08.2059 0.018447 3.401 0.86 14217
4286 18.07.2049 0.012773 3.740 1.03 18670
4882 17.12.2046 0.012384 4.521 0.73 15931
5955 27.05.2045 0.013210 5.379 0.48 12552
6093 29.12.2055 0.017281 5.088 0.41 10144
6212 05.07.2049 0.017693 6.483 0.25 7776
6813 28.12.2014 0.016464 4.327 0.60 12519
7407 03.11.2028 0.011996 4.121 0.90 18042
7426 21.10.2028 0.014137 4.610 0.61 13686
7855 10.02.2026 0.006095 5.442 1.02 26887
8893 13.06.2041 0.013787 7.617 0.23 8493
10246 24.11.2032 0.015615 5.201 0.44 10983
11348 15.05.2054 0.014660 3.938 0.81 15448
last four bodies), were used by previous investigators and
they are well known as strongly perturbed bodies by Ceres.
The last four bodies listed in Table 2 were found in a dif-
ferent way: combining traditional approach and procedure
introduced by Kuzmanoski (1992). The outcome of this pro-
cedure was the list of dates of the CE of (1) Ceres with suit-
able perturbed asteroids as well as the absolute value of the
maximum difference in right ascension and declination be-
tween two trajectories of perturbed body: the first one takes
into account perturbation of (1) Ceres, whereas the second
does not. If the difference was large (typically, larger than
10 or 15 arcsec in right ascension) and if the available ob-
servations covered long enough period before and after the
encounter, the perturbed asteroid was selected as a good
candidate for the mass determination.
Here we will describe the manner of data (from differ-
ent observatories and different eras) handling. How data are
handled is critical because often the signal-to-noise is quite
low. For example, the closest approach of Pallas to Ceres
occurred in the early 19th century. At that time the uncer-
tainty in single positions was high, of the order of few arc-
seconds, and existed significant errors in star catalogues. Or
early observations of a particular perturbed asteroid may be
significantly less accurate if taken decades before the more
recent observations. The quality of observations, particularly
older observations, may vary significantly from observatory
to observatory (Table 6, columns designed with RMS). For
this purpose, we applied combination of criteria for estimat-
ing the quality of the observations and discarding the less
reliable data. Firstly, we discarded all observations which
have AstDys residual rms greater than 5 arcsec.
In the calculation of the post-encounter orbits of per-
turbed asteroids, the 3σ criterion for the selection of ob-
servations was applied. All observations that had a residual
above 3σ in at least one of the coordinates (α, δ) were dis-
carded. However, having in mind that preencounter observa-
tions are often of poorer quality and sparse, the same crite-
rion in the case of preencounter orbit calculation gives very
different results in the RMS sense for different perturbed
asteroids. Because of reasoning to use as much as possible
c© 2011 RAS, MNRAS 000, 1–??
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Table 4. Kolmogorov-Smirnov test for future and past CE. The Kolmogorov-Smirnov statistic, is the maximal difference between the
two Empirical Distribution Functions. Both, past and future sets of CE with Ceres are significantly drawn from normally distributed
population, at the 0.05 level, as function of time, mutual distances and relative velocities.
CE Parameter Statistic Probability
Future Time 0.15 0.95
ρ 0.18 0.70
Vr 0.21 0.49
Past Time 0.21 0.21
ρ 0.29 0.03
Vr 0.17 0.43
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Figure 4. Joined past and future CE with Ceres. Left panel: Solid curve is power function fitted with power index: (−0.35±0.01). Right
panel: Distribution of cumulative number of past and future CE with Ceres.
useful preencounter observations, in these cases we discarded
all observations where the discrepancy in each of the coordi-
nates was larger than 2.5 arcsec. Finally, in the case of mass
determination using the standard method, we discarded ob-
servations that had a residual larger than 2.5 arcsec in at
least one of the coordinates. As it is known there are much
more newly collected observations than older ones. Also, the
new observations are of higher accuracy. In the orbit calcu-
lation, these facts result in a small standard deviation of
observations (see in Table 6 columns RMS1 and RMS2).
Because of that, by using the 3σ criterion, many old obser-
vations, which are necessary for mass determination, would
be discarded.
4 RESULTS AND DISCUSSION
In comparison with historical results (Fig. 3), masses that
we obtained (Table 6) by using standard method are in
good agreement (except the case of close approach with
(792) Metcalfia). In the cases of CE with (32) Pomona, and
(1847) Stobbe, obtained Ceres masses are different than the
adopted value (4.76 10−10M⊙) in this paper (this value is
slightly larger than Current Best Estimates for Ceres mass
adopted by the IAU 2009 GA). Actually, these masses are
out of 3σ distance from adopted value. As we have two se-
ries of Ceres mass values obtained by MM and SM, the main
question is could they be summarized to some value. Espe-
cially, if we take into account that some values in our data
sample might be known to be more variable (less precise)
than other values. Since the results of individual calcula-
tions of Ceres mass are based on non-intersecting data sets,
the values for the mass of Ceres supplied by each perturbed
asteroid can be considered as uncorrelated and therefore can
be combined into a unique value through a weighted aver-
age.(Speaking in term of analysis, it is possible to summarize
series of Ceres mass values by weighted mean method, be-
cause we could make subsequences of calculated masses and
also make subsequences of weights (calculated formal errors,
which have tendency to converge to zero)). Weighted mean
values are calculated according to the well known formula:
x¯ =
∑n
i=1 wixi∑n
i=1 wi
, (11)
where {x1, x2, . . . , xn} are a set of calculated Ceres masses,
while wi = 1/σi
2 are weights (where σi is formal error of
corresponding Ceres mass determination). The weighting
scheme can greatly affect the adopted value, so knowledge
of how the weights were determined is critical. For exam-
ple, they might be the uncertainty in the individual weights,
or the size of the pre and postencounter residuals, or even
equal weights. Having this in mind, we will explain more
carefully how the weights themselves were arrived. Weighted
functions are commonly used in statistics to compensate for
the presence of bias. For example, for a quantity f mea-
sured multiple independent times fi with variance σ
2
i , the
best estimate of the f is obtained by averaging all the mea-
surements with weights wi =
1
σ2
i
, and the resulting vari-
ance is smaller than each of the independent measurements
( σ2 ∼ 1/∑wi). Besides this, we will mention that max-
c© 2011 RAS, MNRAS 000, 1–??
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Figure 5. Left panel: The set of selected past CE with Ceres depicted in time, mutual distance and relative velocity phase space. The
distribution shows the dense region between 1960 and 2000. In this region relative velocities are smaller than 5 km/sec. The closest CE
occurred in 1967 with 34755 at the distance nearly to the radius of Ceres Hill sphere (0.0015 AU). Right panel: The set of selected future
CE with Ceres depicted in time, mutual distance and relative velocity phase space. The distribution is without dense regions. There are
two CE, in 2022 and 2026, which occurred at the distances nearly to the Ceres Hill sphere radius. Majority of CE have relative velocities
smaller than 6 km/sec.
imum likelihood method weights the difference between fit
and data using the same approach. As we generated our data
series from numerical experiments, there will be some error
in the variance of each data point. Such errors may be under-
estimated due to not taking into account all sources of error
in calculating the variance of each data (as it was mentioned
earlier, in our formal error of Ceres mass are not included
all parameters). So the formal error must be calculated as
σ2x¯ =
1∑n
i=1 1/σi
2
× 1
(n− 1)
n∑
i=1
(xi − x¯)2
σ2i
. (12)
where term which follows × is the calibration coefficient,
which is an estimate of how much the real dispersions
of single determinations with respect to the average value
are larger than the formal standard deviations of each in-
dividual mass determination. So, we calculated weighted
mean Ceres mass without mentioned cases, and obtained
(4.70±0.04) 10−10M⊙ which is within standard 3σ distance
from adopted value of Ceres mass. Actually, as we said,
we summarized our data series according to weighted mean
method and obtained meaningful result (close to adopted
value). Also, we calculated the formal error of such algebraic
operation. As the next step of our investigations, we calcu-
lated Ceres masses based on modified (Table 6) method.
Weighted mean value of Ceres mass, obtained from
modified method, is (4.54± 0.07) 10−10M⊙. Some pairs had
the secondary CE which occurred at the distances greater
than radius of gravitational sphere of Ceres (as it is in the
cases of close approaches with Pallas and (1642) Hill). Both,
SM values and MM have mean, geometric mean and median
values very close (Table 5). However, MM express negative
kurtosis (shape of distribution has lower, wider peak around
the mean). The skeweness of SM and MM values is positive,
while in the case of MM it is closer to zero, which means that
this distribution is more even. Kolmogorov-Smirnov normal-
ity test has shown (see Table 5 and Fig 9) that a signifi-
cant number of SM and MM values and their correspond-
ing errors at the 0.05 level of confidence are significantly
drawn from normally distributed population. For normally
distributed data we should expect about 15% of the data to
lie more than 1 standard deviation below the mean (i.e., be-
low 4.70 − 0.41 = 4.29 in the case of standard method, and
4.54 − 0.36 = 4.18 in the case of modified method), in fact
there is only one value (standard method values) and two
values in the case of modified method. Error values of MM
express closer mean, geometrical mean and median values
than error values of SM results. Distributions of both sets
of errors are uneven around mean value. Statistical charac-
teristics of Ceres masses distributions induced idea to com-
pare SM values with their corresponding MM values in the
sense of correlation. We applied linear regression analysis
to quantify the strength of the relationship (in the sense of
correlation) between calculated Ceres masses from modified
and standard method (our goal was not the prediction of re-
sults). We find that the results of SM and MM satisfy linear
regression: MM ∼ (1.37 ± 0.61) + (0.69 ± 0.13)SM (units
are 10−10M⊙) (Fig. 7), while their distribution express high
correlation coefficient (r = 0.78). As it can be seen, obtained
values (based on modified method) are in good agreement
with results obtained by standard method. We will explain
in more details some of obtained results.
Close approach of Ceres and Pallas has been always in-
teresting due to amount of masses of this two objects. How-
ever, unsuitable kinematical characteristics (significantly
high relative velocity of the CE ) as well as unsuitable dy-
namical characteristics of Pallas orbit contributed to the
variation in results obtained by many authors. Actually, the
magnitude of the ballistic deflection is proportional to the
mass of the perturbed body. Since Pallas is very large, it is
not necessarily a good choice for mass determination. Values
for Ceres mass based in this CE that we calculated are differ-
ent about 6σ from adopted Ceres mass (4.76 10−10M⊙). As
it can be seen from Table 6, the observations from the period
between 1825 and 1827 have been discarded (while other au-
thors used the oldest observations). Standard method also
produced improved value of Ceres mass due to large num-
c© 2011 RAS, MNRAS 000, 1–??
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Table 5. Descriptive statistics of calculated Ceres masses by standard (SM) and modified method (MM). Columns designation: N is
total number of values, SD is standard deviation, V is variance, S is skewness, K is Kurtosis, GM is geometric mean, GSD is geometric
standard deviation, Min is minimal value, Med is median value, Max is maximal value. Parameters of Kolmogorov-Smirnov normality
test: St is statistics, Prob is probability. Level of confidence is 0.05
N Mean SD V Sum S K GM GSD Min Med Max St Prob
SM 21 4.73 0.41 0.17 99.91 0.54 1.20 4.74 1.09 3.94 4.74 5.81 0.12 1
err SM 21 0.24 0.26 0.07 4.87 2.30 5.63 0.14 2.62 0.04 0.16 1.1 0.23 0.17
MM 21 4.63 0.36 0.13 97.73 0.13 -1.17 4.64 1.08 4.1 4.68 5.22 0.12 0.97
err MM 21 0.12 0.12 0.01 2.4 1.91 4.00 0.07 3.14 0.01 0.08 0.49 0.23 0.19
ber of observations made after 1997 which are of high qual-
ity, while the oldest observations from 1825 were discarded
based on our criterion which we adopted for discarding (i.e.
keeping) observations.
The case of (348) May is among the most gravitationally
efficient (its amount is about 100′′ within the time interval
covered by observations) CE which took place in the Main
asteroid belt. Applied methods produced results which sat-
isfy 3σ metrics relative to the adopted mass of Ceres, as well
as relative to each other.
CE with bodies numbered greater than 1000 usually
occur at relative velocities nearby average relative velocity.
Based on two methods, calculated individual Ceres masses
are within 3σ distance. The formal errors in these masses are
considerably larger than for low numbered asteroids. Often,
the uncertainty of a measurement is found by repeating the
measurement enough times to get a good estimate of the
standard deviation of the values. Then, any single value has
an uncertainty equal to the standard deviation. However, if
the values are averaged (in any kind of sense), then the mean
measurement value has a much smaller uncertainty, equal to
the standard error of the mean. In this context, uncertainty
depends on both the accuracy and precision of the measure-
ment. We will note that in our process of calculation Ceres
mass used preencounter and postencounter observations had
distribution of (O-C) residuals which are not significantly
drawn from normally distributed population at 0.05 level
of confidence according to the Kolmogorov-Smirnov test. If
corresponding orbits were preprocessed and smoothed ac-
cording to the least square method (no significant systematic
errors in observations) and if the dynamical model is appro-
priate, then the formal error of the individual mass value
should give good impression on actual uncertainty. Unfortu-
nately, formal errors cannot account for systematic errors.
The systematic errors could originate from many sources,
like the incompleteness of the dynamical model, whose effect
is shown by Michalak (2000). This source is illustrated by de-
riving the masses of three massive asteroids with or without
including perturbing asteroids in its dynamical model. The
results show that the formal errors of each determination re-
main quite similar in both cases while the masses themselves
change with the model. In some cases, the correlation which
can exist between the a priori mass of certain perturbed
asteroids and the perturber can cause further error on the
computed mass. Hilton (2002) noted the example of Pallas
and stated that this correlation is due to the similarity in
the mean motions and mean longitude in the case of Ceres
perturbing Pallas. Goffins analysis (2001) pointed out other
causes: the high inclination and eccentricity of Pallas is the
origin of the small number of significant close approaches for
the mass determination. However, we will emphasize here,
that the problem remains and it is in practice very difficult
to estimate the value of the uncertainty in the derivation
of the masses of the asteroids by gravitational means. Also,
the statistical distribution of the relative precision of the
masses is given in columns σ(m)/MSM and σ(m)/MMM in
Table 6. It could be seen that all masses determined by MM
have been estimated to better than 10%, there are 8 close
encounters which produced precision better than 1%, and
19 close encounters provided precision better than 5%. In
the case of SM, 9 values have relative precision better than
2%, and this number is rising to 19 for a 10%. However, in
the case of SM all values are determined with relative pre-
cision better than 20%. The relative precision of weighted
mean of SM values are 1%, while for MM is 1.6%. Conse-
quently, mentioned masses of highly numbered bodies we
did not discarded because they do not differ more than 3σ
from mean value, which means that calculated values were
not significantly influenced by systematic factors. The sets
of preencounter observations are relatively small in compar-
ison with other cases, while the lengths of corresponding
time spans are about 1 year (with an exception of CE with
(1847) Stobbe).
Having in mind all previous statements, one can
say that the SM and MM masses are significantly
different. Consequently, arises questions like which is
better and why. Since the Dawn spacecraft recently released
(http://dawn.jpl.nasa.gov/mission/journal_08_11_11.asp)
a preliminary mass (2.59 × 1020 kg) for 4 Vesta, we could
propose a follow-up experiment, applying these same
techniques to determine the mass of 4 Vesta, and evaluating
which technique better matches the Dawn value.
c© 2011 RAS, MNRAS 000, 1–??
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Table 6. Calculated masses of Ceres, based on standard (SM) and modified method (MM). Statistical characteristics of used sets of observations. In columns: N1, N2, N3, N4,
N5 are given respectively: total amount of observations, the number of discarded preencounter observations, the number of used preencounter observations, the number of discarded
postencounter observations, the number of used post encounter observations. T1 and T2 the length of preencounter and postencounter time spans covered by observations.σ(m)/MSM
and σ(m)/MMM are relative precision of masses determined by SM and MM respectively. RMS1 is rms of preenncounter orbit and RMS2 is rms of postencounter orbit.|∆α| and |∆δ|
are largest absolute value of differences in geocentric rectascension and declination.
Perturbed N1 N2 N3 T1 RMS1 N4 N5 T2 RMS2 SM σ(m)/MSM MM σ(m)/MMM |∆α| |∆δ|
asteroid [′′] [′′] [10−10M⊙] % [10−10M⊙] % [′′] [′′]
(2) Pallas 7428 177 503 1827-1929 0.89 1045 5703 1940-2002 0.42 4.45± 0.05 1.12 4.22 ± 0.04 0.95 28 7.5
(32) Pomona 598 129 162 1864-1974 1.24 35 272 1977-2002 0.61 5.32± 0.16 3.01 5.18 ± 0.05 0.97 30 10
(76) Freia 1012 126 151 1864-1974 0.81 94 641 1958-2002 0.59 4.27± 0.08 1.87 4.14 ± 0.06 1.45 26 7.5
(91) Aegina 716 165 158 1866-1972 0.90 53 340 1974-2002 0.46 4.91± 0.04 0.81 5.00 ± 0.02 0.4 80 22
(203) Pompeia 512 61 58 1879-1947 2.09 58 335 1949-2002 0.61 4.73± 0.04 0.85 4.79 ± 0.02 0.42 96 35
(348) May 601 56 65 1892-1983 1.59 58 422 1989-2002 0.37 4.74± 0.05 1.05 4.77 ± 0.01 0.21 110 38
(347) Pariana 435 35 35 1892-1937 1.15 69 296 1947-2002 0.46 4.80± 0.09 1.88 4.72 ± 0.05 1.06 30 15
(454) Mathesis 646 112 101 1900-1970 1.39 50 383 1974-2002 0.50 4.48± 0.06 1.40 4.33 ± 0.01 0.23 60 30
(488) Kreussa 520 76 52 1901-1961 1.30 57 335 1965-2002 0.40 4.64± 0.16 3.45 4.26 ± 0.11 2.58 20 6
(534) Nassovia 563 91 54 1904-1974 1.34 56 362 1983-2002 0.46 4.83± 0.07 1.45 5.12 ± 0.04 0.78 55 20
(548) Kressida 465 46 59 1909-1980 2.30 50 310 1983-2002 0.44 5.28± 0.24 4.55 4.89 ± 0.10 2.04 17.5 5
(621) Werdandi 542 13 20 1911-1958 1.56 36 473 1966-2002 0.62 4.35± 0.15 3.45 4.56 ± 0.20 4.39 22.5 6
(792) Metcalfia 413 10 38 1915-1947 19.74 38 327 1953-2002 0.67 5.81± 1.10 18.93 5.22 ± 0.35 6.70 20 7.5
(850) Altona 342 29 22 1917-1964 2.40 34 257 1972-2002 0.60 4.91± 0.16 3.26 4.68 ± 0.11 2.35 32.5 7
(1642) Hill 401 2 3 1908 - 67 329 1931-2002 0.63 4.81± 0.06 1.25 4.81 ± 0.08 1.66 50 20
(1847) Stobbe 365 13 19 1902-1952 2.25 42 291 1973-2002 0.47 3.94± 0.23 5.84 4.10 ± 0.17 4.15 18 7
(3344) Modena 204 1 1 1955 - 13 189 1982-2002 0.80 4.34± 0.38 8.76 4.36 ± 0.11 2.52 16 5
(2051) Chang 458 4 1 1933 - 51 402 1955-2002 0.63 4.63± 0.26 5.62 4.57 ± 0.21 4.60 10 3
(6010) Lyzenga 173 1 1 1953 - 5 166 1974-2002 0.53 4.60± 0.29 6.30 4.48 ± 0.16 3.57 17.5 6
(6594) Tasman 218 1 1 1954 - 15 201 1987-2002 0.55 5.02± 0.44 8.76 5.22 ± 0.49 9.39 10 2.5
(34755) 2001QW120 100 2 1 1950 - 6 91 1985-2001 0.72 5.05± 0.76 15.05 4.31 ± 0.01 0.23 17.5 4
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5 CONCLUSION
We made a list of asteroids useful for determination of Ceres
mass from mutual perturbations. In the list are included
both: historically well known perturbed bodies and several
asteroids found by our searching procedure. Then the Ceres
masses were calculated independently for all test asteroids
by means of standard method and our modified method. Re-
sults were examined by means of smallest formal errors and
rejecting those which do not satisfy 3σ metric (i.e. influenced
by systematic factors).
The resulting mass of Ceres based on standard method
is (4.70 ± 0.04) 10−10M⊙ which is within standard 3σ dis-
tance from adopted value of Ceres mass. Weighted mean
value of Ceres mass, obtained from modified method, is
(4.54 ± 0.07) 10−10M⊙. We found that the results obtained
by two methods are highly correlated. Based on this, one
can say that the new modified method, which is not tested
widely so far, could be successfully used for asteroid mass
determination.
Generally, the masses we found appears to be smaller
by about several percent than the value recommended by
the IAU.
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Figure 6. Distribution of SM and MM values of Ceres mass. Correlation coefficient r is shown on right part of the plot. Solid line is
fitted linear regression with intercept:1.37 ± 0.61, slope:0.69± 0.13).
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Figure 7. From top to bottom: Perturbations in right ascension and declination caused by Ceres on Pallas, dynamical evolution of
mutual distance between Ceres and Pallas (bottom).
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Figure 8. Kolmogorov-Smirnov test applied on set of mutual distances (ρ) of future CE with Ceres: A sample distribution function
(solid line) is compared to a given probability distribution function (squares). The test statistic is the maximum difference between the
curves. This maximum of 0.17 occurs as the data approaches x = 0.001179 from below. The empirical curve has the value 0.2105 here.
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Figure 9. Kolmogorov-Smirnov test: A sample distribution function (dashed line line) is compared to a given probability distribution
function (solid line). The test statistic is the maximum difference between the curves. Points where maximum occurred are labeled.Left
panel: KS test applied on set of SM Ceres masses. Right panel:KS test applied on set of MM Ceres masses.
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